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[What is the term “Set”?: A set is a collection of objects. ]

For example,

{a, b, c} is a set which has 3 elements.

N = {«| « is a natural number} = {1,2,3,4,---}

7 = {x| x is an integer}} = {--- ,—-3,—2,-1,0,1,2,3,4,--- }

Q = {«| x is a rational number}

R = {x| x is a real number}

The number of elements of N, Z, Q, R: Infinity!

We say that a set with a finite number of elements is finite, and a set with
an infinite number of elements is infinite.

The empty set: the set with no elements and is denoted by 0.
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Countable and uncountable sets

Definition

A countable set: a set with the same cardinality (i.e., number of ele-
ments) as some subset of the set of natural numbers.
An uncountable set: a set that is not countable.

The term was originated by Georg Cantor (1845-1918, Germany).

The elements of a countable set can be counted one at a time — although
the counting may never finish, every element of the set will eventually be
associated with a natural number.

More rigorously,

Definition
A set S is called countable if there exists an injective (one-to-one)
function f from S to the natural numbers N.
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Countable and uncountable sets

So

N is countable.

Z is countable.

Q is countable.

But R is uncountable!!!

Definition
Two sets X and Y have the same cardinality if there exists a one-to-one
correspondence (bijective) from X to Y.

When an infinite set .S is countable, we denote the cardinality of S by No.
(write | S| = Ng. Ng is called “aleph null” or “aleph naught”.)

So

IN| = |Z] = Q] = Ro. [R] = ¢ = N,
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Least upper bound

e Definition ~N

Let X be a nonempty subset of R. A number a in R is said to be a
least upper bound for X if

(i) @ is an upper bound for X. (x < a forall z € X.)

(ii) If b is an upper bound for X, then a < b.

We write lub X = a or sup X = a. The least upper bound of a set
X is also called the supremum of X.

J
The least upper bound (LUB) axiom ~N

-

If a nonempty set of real numbers has an upper bound, then it has a

least upper bound.

J
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Greatest lower bound

s Definition ™

Let X be a nonempty subset of R. A number a in R is said to be a

greatest lower bound for X if

(i) a is a lower bound for X. (z > a for all x € X.)

(ii) If b is a lower bound for X, then a > b.

We write glb X = a or inf X = a. The greatest lower bound of a
set X is also called the infimum of X.

J
e The greatest lower bound (GLB) axiom —

If a nonempty set of real numbers has a lower bound, then it has a

greatest lower bound.

y
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Limit of a function

Definition

We say that the limit of a function f(x) as x approaches a is L if for
every € > 0, there exists > 0 such that | f(x) — L| < € whenever
0 < |z —al <d. We write li_r)n f(x) = L.

X a

(Example) Consider f(x) = 3= — 1.
(In Calculus 1) il_}n’i flx) = il_)n’i(f}:l: —-1)=2.

In Analysis, we must prove this rigorously using the above definition!

We can show that for every € > 0, there exists § > 0 such that
|f(x) — 2| < € whenever 0 < | — 1] < 6.
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Show lim (3x — 1) = 2.
z—1
4
Find § such that |f(x) — 2| < € whenever 0 < | — 1| < 4.

(Proof)

Let € > 0.

Suppose 0 < |z — 1| < 4.

Then |(3z — 1) — 2| = |3(x — 1)| = 3|z — 1| < 34.

If weset § = 5, [(83z — 1) — 2| < € is satisfied.
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Limit of a sequence

- Definition ™

We say that a sequence {a,}$2 ; (an, € R) has a limit L € R if for
every € > 0, there exists a positive integer IN such that |a, — L| < €
whenever n > IN. We write lim a,, = L. Sequences that have
limits are called convergent. S%al?nces that do not have limits are

called divergent.

J

(Example) Consider an, = 7.
n 1
(In Calculus 1) 11m a, = lim = lim T =L
n—oo n + 1 n—oo 1 + P
In Analysis, we must prove this rigorously using the above definition!
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Show lim — =1
n—oo n, + 1
Find IV such that |27 — 1| < € whenever n > N.
(Proof)
Let € > 0.
Suppose n > N > 0.

1y _ _1 1
Then |25 — 1] = [35] = 753 < v
If we set ﬁ < e (ie, N> % — 1), [543 — 1] < € is satisfied.
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