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Definite Integral
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The Fundamental Theorem of Calculus

Q/ﬂ@m=F@—F@

where F'(x) is an antiderivative of f(x).

If an antiderivative of f(x) does not exist, we cannot use this formula.
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Riemann Integral
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Definition: Partition
4 )
A partition P of a closed interval [a, b] is a finite sequence (g, L1, -+ 5 Tn)

such that a = g < 1 < ... < &, = b. The norm (or mesh) of P,
denoted || P]|, is defined by

Pl = 1),
1P|l = max (z: = i)

That is, ||P|| is the length of the longest of the subintervals [xg, x1],

[2, Z3],...[Tn_1, Tn].

J
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Riemann Integral
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s Definition: Riemann Sum N

Let P = (xg, ..., n) be a partition of [a, b], and let f be defined on [a, b].
For each ¢ = 1,...,m, let =} be an arbitrary point in the interval [x;_1, 2;].
Then any sum of the form

R(f,P) = Z f@) (i — i)

=1

is called a Riemann sum of f relative to P.
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Riemann Integral

r Definition: Upper Sum, Lower Sum N

Suppose that f is bounded both above and below in each of the open intervals
(Ti—1,%i). Let M; = sup(,, , ) fandm; =inf(4, | o) f. The upper
sum of f relative to the partition P = (xg, ..., ) of [a,b] is

n
U(f, P) = Z M,(:cz — mi—l) .
i=1
The lower sum of f relative to the partition P = (xg, ..., ) of [a, b] is

L(f,P) = Zmi(wi —Ti_1)-
\ =1 )

Note that

L(f,P) <U(S, P).
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Riemann Integral

Let M = supj, ) f and m = inf(4 ) f. Since M; < M for all ¢,

U(f,P) < > M(zi—xi_q)
=1

= MZ(mi—wi_l)zM(b—a).

Since m; > m for all 4,
L(f,P) = Y m(z;—xio1)
=1

= mZ(wl —xi—1) =m(b—a).

=1
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Riemann Integral

m(b—a) < L(f, P) <U(f, P).
So U(f, P) is bounded below by m(b — a).
Thus we can define the upper integral of f over [a, b] by
—b
/ f=infU(f, P).

‘C(.faP) SU(f,P) SM(b_a’)

So L(f, P) is bounded above by M (b — a).
Thus we can define the lower integral of f over [a, b] by

b
/ f=supL(f,P).
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Riemann Integral

Let f be a bounded function on the interval [a, b]. Then
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Riemann Integral

Definition:Riemann Integrable

f is Riemann integrable over [a, b] if
[5=17
a 2 _a
We denote the value by
b
I
a
or
b
f(x)dz
© v
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Riemann Integral

Definition: Riemann Integrable

A function f is Riemann integrable on [a, b] if there is a real number
R such that for any € > 0, there exists a § > 0 such that for any
partition P of [a, b] satisfying ||P|| < &, and for any Riemann sum
R(f, P) of f relative to P, we have |R(f,P) — R| < €.

||11>i|750R(f’p):/abf (0r /abf(w)dw>
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Riemann Integrable

Show that the function f(x) = x is Riemann integrable in [0, 1], and that

1 1
=3
(Solution)
i—1 14 ]

Let P be the partition (0, =, 2,...,»=1 1) In the subinterval [*-*, X
(i=1,2,...,n),

1—1 1 7

M; = sup ,— | = —
n n n

. 1—1 1 71— 1

m; = inf ,—| = .
n o n n
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Riemann Integrable

So
SNy A | 1 1nn+1) 1 1
u P) = — = —(1 2 cee - " 7 .
(f, P) ;nn n2( + 2+ + n) 2 5 2+2n
and
" i—-11 1 1 (n—1n 1 1
L(f,P)=)_ = (0414t (n—1)) = P~ 2
i=1 n n? n? 2 2 2n
Since

/:f <u(s,p), /f > L(£,P), /f S/:f,

the inequality

o< [ 5- [ rugp)-c(p) =

holds for every n.
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Riemann Integrable

— 1
J7=17
0 <0
as n — oo. So f is Riemann integrable. Since we know
Ll relil
2 2n — Jo -2 2n

for every n > 1, we conclude that
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The characteristic function and the Dirichlet function

Definition: The characteristic function

With any set of real numbers A, we associate a function x 4, called the
characteristic function of A, defined by

1 if z€ A

XM@z{Oifng

Definition: The Dirichlet function

Let @Q be the set of rational numbers.

)1 if zeQ
Xd@_{OifmgQ

is called the Dirichlet function.
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The Dirichlet function

The Dirichlet function xg(x) on [a, b] is not Riemann integrable.

(Proof)

For every partition P = {xo(= @), 1, ..., Tn—1, Ln(= b)}, every subinterval
(;—1, ;) contains both rational and irrational points. So, for i = 1,2,...,n,

Mi=1, ’I’n,,;:O.
Hence, for every partition P,
U(f,P)=b—a, L(f,P)=0
So
b
f=t-a, [1=0

—Qa

Thus f is not Riemann integrable.
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The Dirichlet function

The Dirichlet function xg(x) is not Riemann integrable.
The Dirichlet function is obtained as a limit:

xq(x) = nh_}rr;o[n}lm (cos nlmx)?™]

Functions similar to the Dirichlet function often appear in engineering problems.
But these functions are not Riemann integrable!
This is a big problem for applications.
U
Lebesgue introduced another definition of integral: Lebesgue integral
The Dirichlet function is Lebesgue intagrable!
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Riemann Integral

r Definition: Step function ~N

A function g, defined on [a, b], is a step function if there is a partition
P = (xg,x1, ..., Tn) such that g is constant on each open subinterval
(i—1,2;), fori =1,...,n.

J
~ Proposition ~

Any step function g on [a, b] is Riemann integrable. Furthermore, if
g(x) = ¢; for x € (xj—1,x;), where (xg,x1,...,2y) is a partition
of [a, b], then

/abg(a:)da: =3 il — i)

=1
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Riemann Integral

e Theorem ~

A function f, defined om [a, b], is Riemann integrable on [a, b] if and only if

for every € > 0, there are step functions f; and fs such that
A(@) < f@) < fa(z) forall @€ [a,b],

and

’ f2(z)dx — bfl(m)d:c <e.
I I

&

Corollar
( y

/

If f is Riemann integrable on [a, b], then

b b
/ f(x)dx = lub{/ fi(x)dz|f1 a step function andf; < f}

b
= glb{/ f2(x)dx|f2 a step function andf < fa}
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